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34 Eu}okci{].

De@. A measure l)reserm;\g S‘ys{'em (MPS) (X/ 8w T)

I\S C«"ecl eraodn‘.c |F
Be B with T—'B=B == H(B) =0 or 1

We simrly Soy T s erjo:b\‘,c Lf ()(J ?J P/T) I$ erso&k,

Tn ancther word, an eraola‘c MPS B no nor-triviaf
indanart subset = any huanwant sub set equols
e.‘tl.eu- X or ¢ a.eQ. (Sul)\}ed‘ o a set OS' 2ery

Me%wq) _

For A, BeX write AaB= (A\B)u(B\W)

11|m 1 Tl\e ‘Fo“ou'lll‘\& ar Q1u&0alea‘t :
W T 1 ergoch‘c,

(i) The on“y member B€ p with [ (T-'B a B): o
are those With | (B )=0 or H(B)= 1.



(i) For any A€ B with i (A)>0, we have
u( rg. T A)=L

(v)  For any A Be ﬁ With I-l(A)>°, H(8)>o,
there exists ne N Swh that

k(T A NB) >o.

PE. ()3 (ii).
let Be § with p(BaTs)=0

We will construdt Bw € f with B, =leuc
Such that

P(BABM)=°
Notice that ]&r any h2|,
- h~ =1 -
808 c U (5 a7)
|=

= U T'(t'8a8) -
Bjﬂumumam of W,



H(T-hB ag)=o.

[et R
B = N U Ts
- i=. n=|u° L) B

Note that T By = Q‘ Lnfz Th = Bs

OBSQWQ tL,{' - ‘ " .
m( B (,g‘_f'e)) < Z m(BaTb)

=0

Hewa l‘ﬁ":& | >0,
m(BABoo)= .

() = (iii): Lt A€P with R(A) 0.
st c= UTm.

Houlewr) Sin® (T C) H(C) it ‘F“aws that

H(T"C AC = P(C\flc




'%y(h‘), u(c)=o or p(C)=1.
Bt M(C)2 B(T'a)=p(A) 70, so R(C)=I,
p( L U T'A) = 1.

(I\l) = (I‘V):
let A,Be § wih Tu(A), H(B)>o.

(iv) 0. S'uPPose on He con{'rw‘j T 5 hot ergodec .
T I B with TB=B, bt oc p(® <!



Lt A= X\8.

The TA=A ond [ (a)>o.

Hena T.hf‘ NG = AnBR=¢&.

Thes  R(T7AnB) =0 £ all m2, feading
+o a Contradiction. @

Thma. Lt (X 8.1, T) bea MPS. The

tha followig o ecluéwleut :

() T is ergedic -

(1) When ‘9 s measurabb  P(TX)= ?"0 for all "é\f
than -‘? % Constant a.€.

(i) When £ is measurable, P - P‘“ .2, than
9 is cmstant a.e.

@) wh P, o= foo PralixeX

‘tlm\ ~F 3 c_ons‘l'uh't a.€,
W fel, feo= o ae = ‘F 3 constost as



PP Fov breu.‘v we on\d PVOUQ (l‘) o).

OEX0) let Bef with T'3=R
Set f: th. Q) i), -F 13 constost Q€.
= I,;(B):o or {.

M D (i), Let P be Measurahle wth 3@.,1-:{_’

For ov:) n2, Je & St

J

An; = {x: *',‘rs -?(n< J—::"' }
T'lu.h An = ,‘ ?W a“ na.
Hen P(Aan):O or 1
Sina {An,j }je} (s O Parti“:m‘n os, X ,

J 9,62 Such that |.a.< An s )=1

Now ‘tukt o
B = n An N
Tl\.v-h P(B):I Bu.{' Fof a" «eB 19"""'&"‘9’2.

12



Examrlﬂ. 3, ( Rotation on the Circle).
let X= R/ , dé€(o.1) ond
Tx= Xtd (mod1).
Let P be the Hour measure on R/

Than T eraoch‘c & d s wrotional .

PE. Fist assume Q= —2_' c@.
DEFHCQ %(x) = 9_1 Q“"d 1).
T $x)= Foo B alh = |

But F (s not const ace.
Hess T 18 ol ergedic.

Next agsume o 18 l‘hro‘b‘oan.
Let ~Fe L;(H) with :?"T: P

2AMINX
be tha Fousier sents

Let =
Jov Z €
h=- of §.

2minx  2Ting

f(Ta) ~ E_m an €



2TinqQ
How Q= ne o Dralime %
It fmrLCes Qu=0 £ all nzo.

Henu -? s onst. ae.

Exm‘»(v. 4 ( Doulol..:na, Wlo.l) on the Ct‘rcle)
x= R = Tx=2x (rod 1) ft— Hawr measme

Thon T 13 eraodaic.
. S;m."or[y, one Use [Founer sevies .

Lndeed, fot §eC(o with PoT=F

o ‘X
?0‘):: z Qutrmn

h=-vo .
(7] 2min X

?(TX)= 2 ue

N=-w
Henw { Qan = Qn
Ganet =0 .
Which imples thett  Qu=0 if nio,
ond  thus, ? < const a.€,



Exam‘)lg 5. (Sk{ft MaP -
Let Z { MJ- be one-~Sided shvft

et (P, fn be a \)\rob- Vector with P; >o.
Def:‘ne ,-LOV\ 2 b:‘

IJ([x,»-Ya]) = JPx""?:w :

Tlu.h M 1s §-ih0anant . Monouer) m er\socL}g,





