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33.4 Ergodicity.

Def. A measure preserving system (MPs) (EX
,
S, M, T)

is called ergodic if

Be $ with TB= B => M(B) = 0 or 1 .

We simply say ↑ is ergodic if (X , B, M,T) is ergodic.

In another word
,
an ergodic MPS has no non-trivial

invariant subset : any invariant subset equals
either X or $a.e . (subject to a set of zero

measure).

For A , BEX , write AB
= (A)B) v/ B(A)

·

Thm1 The following are equivalent :
(i) T is ergodic.

(ii) The only member Be 9 with M (TBo B)=
are those with M (B) =0 or(B) = 1·

S



(iii) For any
At 93 with M(A) Co , we have

M)

(iv) For any A
,
BE B With M(A)30, M(B) >0,

there exists neN such that

M(TA1B)30.

Pf
.
(i) = (ii) .

Net Be B with M/ BOTB) = 0
We will construct Bo $ with Bo = F'Bo
such that

fi(B + Bo) = 0.
Notice that for any n = 1

,

↑"BOBEM (i+B +B)
=BOB)

By the invariance of M,



M )+30B) = 0 .

Let

Bo=
Note that T"Bo= = B.

Observe that

m(Bo())(B +)
= O

Hence letting i0 .

m(B + Bo) = 0.

(ii) => (iii) : Let AES With M(A) 30.

Set CFA)
Then c=

However
,
since [i/+) = ↑(C) , it follows that

↑)+c() = m)c)+ ) = 0 .



By (ii) . Fi(c) = 0 or MJC = 1 .

But M(C) [ M(FA)=+(A) >0, so M(C= 1
,

i.e. M)A)

(iii) => (iv) :

Let A
, B - 5 with M(A) , M(B) < 0 ·

Then pA

Hence(B) =M(B

i.e. N) (B))30.

Hence & n21 sit . M(Fh* &B) <0·

(iv) = (i) . Suppose on the contrary T is not engodic.

Then # B with TB= B
,
but osM(B) < !



Let A = X/B .

then*A = A and M(A) 0.

Hence +A1B = Arb = % .

Thus M(T"AnB) =0 for all 221 , leading

to a contradiction n. #

·hmz . Let (X, B, M , T) be a MPS. Then

the following are equivalent :
(i) T is ergodic

(ii) Whenf is measurable , f(TX)= f(x) for alloX,
thenfo is constant a.e.

(iii) When f is measurable
, f(x) = f(x) a.e, then

& is constant a.e.

(iv) when feL(m)
,
f(TX) = fax) for alloeX,

then f is constant a . e.
(v) feE( , f(TX) = f(x) are f is constantare



Pf. For brevity we only prove (i)(ii).

(ii)= (i)
.

Let Bes with +"B = B .

set f= XB
. By (ii) , f is constant are

=> p(B)=0 or 1 .

(i) = (ii). Letfo be measurable with for = f.

For any nEl , je *,
Sit.

Anj = [x:f
Then T"Anj = Any for all n, 0.

Hence M(An,j) = 0 or 1.

Since [ArjSjez is a partition of X,

=> ine* such that M) An, in)= 1 .

Now take

B= An

Then (B) = 1. But for all xeB, fex-lim
#



Example 3. (Rotation on the circle).

Let X= /, G - (0,1) and

↑X = X+2 (mod1) .

Let M be the Haar measure on R/*

Then T is ergodicE 2 is irrational.

Pf . First assume G= Q.

Define f(x) = qx (mod1) .
Then f(TX) = f(x) for all x

But f is not const are.

Hence T is not engodic.

Next assume G is irrational.

Let fe(n) with for=f .
Let

fairan eatix be the Fourier servea
off.

f(TX) an eatixina



Hence An = and find for all ne 7).

It impliesAn=o for all into .

Hence f is constrae.

Example 4. (Doubling map on the circle

X= M/
,

TX= 2x(mod1)
,
M-Haar measur

Then T is ergodic.

· Similarly , one use Fourier series·

Indeed
,
let fe(() with for = f

fx)=an
2hiahX

& (TX)=
Hence S

Azm = An

Azn+ = 0 .

which implies that Anto if n0 ,
and thus

, I is cost ae.



Example 5 . (Shift map).

Let t= E1,...,my be one-sided shif.

Let (P1, "Pr) be a prob . Vector with Pi>o.

Define p on I by

M([X ,
. . . Xn]) = 1x, . Pan

Then m is 5-invariant. Moreover
,
m is engodic.




